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xDW�O Ov�wD�t ���yOQ� Q�m xJ swra u� xm u�� R� pkDUt OvwW OQ�w swra R�
QO �t �CU� xOw�v syv �D sDiy ��yuQk x� QYLvt swHv x� uDN�OQB �OW��
s�v���t �Q xe�Qt �xv�NOYQ syOR�U uQk QO Oa� w O�Oe� �xv�NOYQ syv uQk
�CU� �tqU� u�OvtWv�O u�� QO swHv sra Q�QtDU� wCtOk �xOvyOu�Wv xm
�qFt �OQm xOy�Wt u�wD�t sy �� Qe u�OvtWv�O QO �Q QmiD RQ	 u�� ��B OQ
xm Ow� �rwY� u� x� sy�ov ut xm OU� wv�t V��y��Dm R� �m� QO uDw�v
R� V�� R�J I�y w OyO jwU �ON x� O�kDa� �wU x� �Q sOQt CU� umtt
xOw� xO�it Qw�vt u�� ��Q� pwY� u� s��� QO xm Ovm�tv p�LWwN �Qt u��
sy QrBm w nQ�vR��y xrtH R� �Qo�O �� Qe u�OvtWv�O �uDw�v R� Q�e x� �CU�
s� wW�tl�ORv sDU�� uQk x� �Dkw �t� �Ov�xDU� Qov sra x� �O�LwD x�ov ��
u�OvtWv�O u��t QO G��Q x�oO�O w OwW�t Cw�iDt �tm p��wU u�� MU�B
�OwW�t CwQF w CQOk �Um w �O�t �i�vt Q	�N x� Vv�O �Um ��Qe
�OQm OWQ �Qe QO xm OW�� �DU�D�to �QB �xiUri �wv l� Q� �vD�t u�� O��W
u�QwO u�� QO xm �WywSB Rm �Qt R� �Q��U� w CiQo �Q u�W�B �xiUri ��H w
xH�Dv u�� x� ��Oa� xJQo �OvOw� �rY� OQm� wQ u�ty ��Q�O OvOt� OwHw x�
�Q��U� uOt� OwHw x� �t� OQ�O OwHw QmiD RQ	 u�� QO �DqmWt xm OvO�UQ
�r p� pFt �OvDUy p�ai sy xRwQt� xm �yxOmWywSB w �WywSB Rm �Qt R�
x� Q�v u�� Q� �vD�t ���vO nQR� �WywSB Rm �Qt R� �Q��U� w �Bell Lab�
�O�B p�wU u�� x� �tQ�yJ MU�B u�Q�� QO xm s� wo� hU��D �� O��� �CU� xOw�
�CU� xOW pY� OQ�wt R� �r�N QO xr�kt O�rwD w ���QolQOt xv�iU��Dt w xOW
sQ�v x� �rw OW�� Q�m QO xR�ov� u��V�� w sm sy ��vO Qo�O ��y�H QO O��W
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u�� Qo � �OvDUy syhrDNt ��yx�oWv�O R� xm s� Q�O jkLt Qiv Q�yJ w pyJ
�O�� R �xrY�i xm �DavY x�oWv�O w u�yiY� x�oWv�O u�� ���DQ� Ow�v x�aW
xrrOtLr� �rw �OW�tv Q�QkQ�CUy uq� xm �rmW u�� x� ��ak�w OvQ�Ov sy R�
svmVy�wN u�DUwO R� �Q u�� sy�wN�t �Ov��tH QO �CU� xO�Di� j�iD� u��
xm �Q��RHr��tHt x� �t w OQ�o� pmW �ywQo Q�m �qw� xm OW�� u�tU�wL xm
�OW�� OvtiOy u�tQ�m xmv�� swO �s� wWv p�O�D OW�� xQ� RH l� u�tt�Om Qy
�	a� QO s�v�wD� �D s�vmv �Q�mxOvm �QB xm CU� u�� �OvtiOy R� sQw�vt
s�Hv� �i�m Q�m xm u�� sy swU w �s� wQ� wrH QDa� QU w QDW�� w QDy� �yxDWQ
C�ty� w xOW �Di� �U� wvxr�kt xm OvO�O K�
wD ��r�	 QDmO ��k� �s�yO�
QO xW�ty �rw �CU� xOW �t ��y�Q�wWO R� �m� �yxr�kt C��tm x� uO�O
x� QDtm w Ov�xOQm�t Qmi QDl�tO�m � xm Ov�xOw� �O�Qi� �O��v� swra �xRwL
x�oO�O u�� sy x�aW u�� QO xm CU� u�� sWy�wN �Ov�xDW�O xHwD Qt� Qy�w�
QO ��Da��	 sy �t �OvwW s�Hv� �i�m �CQwY x� �yQ�m �D Ovm �O�B xt�O� ��tDL
�s�vm�t VqD �OQ� Q�m swra �xRwL QO xm Qw	 u�ty s� Q�O xi��w x�oWv�O
Q��U� Q��U� sy �O��v� swra �xRwL QO sOQm ZQa xm ���ypqODU� u�� ��
u�DUwOCtON QO u�wD s�tD �� �t �s�vmC�r�ai w �Q�Pox��tQU p�k R� QDW��
w �DavY x�oWv�O QO u�tv�DUwO R� w Ow� s�y�wN Q�Dat �D�k�kLD RmQt u�� QO
�Hwt Qt� u�� s� Q�wO�t� w OQm s�y�wN C��tL x�aW u�� ��yC�r�ai pm R�
QO �D�k�kLD Rm �Qt ��R�Ov�x�Q ��Q� �� wN �wor� w x�aW u�� QDW�� CiQW�B

�OwW �O��v� swra Qo�O ��yxRwL R� �Q��U�

C��
�� Q �xOmWywSB T�
Q u��OytQwB OwaUt QDmO ��Oa� u�QvNU
�Cio w CN�OQB C�k�kLD �a�tDH� xHw x� OwN u�vNU QO xm Ow� s��B��
��yVywSB u�tQw�vt s�vm�tVywSB �a�tDH� ��yx�vH R�C�LY �Dkw
X�N �YYND �xRwLl� QO O�Qi� R� ��xawtHt �UwD xOWs�Hv� ��Qoty
�yQ�m s�Uk� w ��wv� OwN �tra ��yxO�� OQ�W�B ��Q� ��Da��	 O�Qi� u�� �CU�
R� �m� �t QwWm �OvyO�t s�Hv� �Q xQ�e w x�oQ�m w Tv�Qivm p�mWD p��k R�
syU wCU� xOQm lQOVywSB �xRwL QO �Q Qt� u��C�ty� xmCU����yQwWm
��yp�Ft u�rw� xm CU� �r�H �r�N �Ovm�t �O� xv�tR u�� QO �Q VOwN
u�� �CU� xe�Qt �xv�NOYQ ��RwQt� swyit x� �D�k�kLD C�UU�wt ��N� Q�D
�O�Qi� xmv�� x��v�tR ��tqU���v�Q�� �wknvyQi QO xmv�� ��Q�CU��r�rO
xHwD OvyO� s�Hv� C�k�kLD w OvwW� �tH sy Q�vm �WywSB �xRwL l� QO
hrDNt ��yQwWm QO �vwo �vwo ��yp�Ft u�wD�t sy RwQt� �CU� xOW�t
pFt �OvDUy �O��v� ��yVv�O �xRwL QO ��iQY xm �D�UU�wt R� �O�O x
�Q�
u� hOy xm �p� RQ� QO �Bt�� �xUU�wt �� �uwDUv� QB �xDiQW�B C�ar��t �xUU�wt
�D�UU�wt x� Qo � �OQ�O �traC
�y ��	a� wCU� �
�� Q C�k�kLD ��iQY
x�ov sy �Clay Mathematics Institute� �rm �
�� Q �xUU�wt pFt
�r�t ��yC��tL �� �Q �
�� Q C�k�kLD xm CU� u�� �yv� hOy �s�vm�
wrH xDU��W u�v�O�
�� Q x� OOaDt R��wH uO�O R�v w u�kkLt R� xOQDUo
��yx�oQ�m xm OvDUy sy �m� Qt� QO MSRI pFt �Qo�O C�UU�wt �OvQ��
�D xy�tVW �xR�� l� QO �Q �D�k�kLD ��ys�D �� Ovvm�t Q�RoQ� �YYND
�YNWt Q��U� h�Oy� �qwtat C�UU�wt u�� �Ovvm�t �tH sy QwO xr�Um�

�O��v� C�k�kLD �qwY� xaUwD p�L QO ��yQwWm ��Q� xm Ovm�t pqODU�
CUwor� O�rwD �qwY� �O��v� C�k�kLD Vkv xmv�� Q	�N x� �OQ�Ov �WRQ�
�s� Q�O wor� �t �s�vm xO�iDU� Ov�xO�O TB ��wH xm ���ywor� R� O��� �t w
xr�kt u� QO �Ovm CiQW�B xat�H �D s�yO� OWQ �Q �Qw�vi CU� �i�m �ki
u�� �� x�mQD ��ak�w xm sQ�Ov �k�kO �q	� ut �Ow� xOW xQ�W� sy x�mQD x�
�y�oO�O u�vJl� �� x�mQD xm Ow� xOW xQ�W� �rw Q�N �� w xDiQ wrH x�oO�O
CU� u�� ut ZQa �rw �CU� xDiQo ��wH �wN sy �r�N w xDiQ V�B
Ow� Oy�wN wQxr��vO �QwWm xW�ty �ODi�� �Hv�� QO �k�iD� u�vJ l� Qo � xm
I�y s�W�� wQxr��vO w Orkt xW�ty xm s� Q�PB� �Q u�� �t Qo � �R�DW�B xv w
sra ��yxtWJQU x� O��� �t �OQm s�y�wNv �O�B �UQDUO xtWJQU x� Ckw
swra �sra ��yxtWJQU x� uO�UQ x�Q QO xmCU� �a��	 w s�vm �O�BCUO
sra O���v xm CU� xDio QY�at u�v�Om� R�i R� �m� �OQ�O �Q pw�Vkv �O��v�
Vkv �OvQ�Ov xm ���yv� w OvQ�O �rta �xO�iDU� xm ���yVN� x� OQm s�UkD �Q
x� �t xm CU� u� ��Q� sra xmr� CU�v u� �rta �xO�iDU� QO sra �xOta
��vO �xty q�L �s� Q�� �B CU� sm �L �a��	 ��yxO�OB Q� xm �v�v�wk w pra
QO �qFt �OQm �Q�Pox��tQU �O��v� C�k�kLD QO O��� xm xO�UQ xH�Dv u�� x�
C�r�ai xRwL u�� QO OvtWv�O Q�Ry u�OvJ O�DWy �xyO p
�w� R� u�J QwWm
w xOW p�ai xRwL u�� QO s��B�� xv�DN�WwN sy u�tOwN QwWm QO �Ovvm�t
�OQ� Q�m swra �xRwL x� QYLvt O���v C�k�kLD xm xDi�� G�wQ O�OHVQov u��
w swra �xRwL QO �Q�yQ s�at s�kt �eq�� ��yCU��U QO xv�DN�WwN �OW��
"�� ��yOv� QO �O��v� C�k�kLD w x��B swra �xaUwD Q�CL�QY �� sy �Qw�vi
xO�ar�jwi xRwL u�� QO �H� wQD Q�m OUQ�t Q�v x� xD�r� �CU� xOW O�m ��D
�rw CU� K
�w �tH u�� ��Q� xJQo �O��v� C�k�kLD C�ty� �CU� syt
xDWQ u�WOvRQi xm �QO�t w QOB �CU�v uWwQ �r�N xat�H pm ��Q� sQ�v x�
x� u�WOvRQi Qo � �DL �Ovm ��NDv� �Q ��xDWQ xJ pw� Ov�p��t Ovm�t ��NDv�
O���TB �CU� �Qo�O ��yxDWQ Q� u�WO�m ��D OW�� Ovtxkqa �r�N �
�� Q
x� sy�wN�t xm �twO �w
wt �s�yO� Q�Qk Q�m QwDUO QO sy �Q �H� wQD Q�m
�B �w
wt u�� x� sy �tOk �CU� �atH Q�mEL� �svm xQ�W� u� x� Q�YDN�
�q�tDL� �yv� pmWt �yDvt �OW�� O�it Q��U� Ov�wD�t �atH Q�m xm OvOw� xOQ�
xm s�vm�t �oOvR �QYa QO �t xv�DN�WwN �CU� xOw� ���DQ� �Q�QkQ� �xwLv
�atH Q�m u��Q��v� �CU� xOW pL�m�vwQDmr� pmW x��atH���DQ� pmWt
QO u�Q�� QO xm OUQ�t Q�v x� OvJQy �OQ�o� pmW Ov�wD�t CL�Q �r�N
�xOmWywSB QO xm CU� �r�LWwN ��H �s� Q�O pmWt Q�Oktl� xv�tR u��
uwvm � OvO�O �yrr�OU� QDmO ��k� xm �Q�t� j�	 �u�yiY� �x�aW�C��
�� Q
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��DOta �t s�ktQ�e u�QoWywSB �xOQ �OQ�O OwHw O�Qi� u�� ��Q� �Q�mtyhrDNt
��t s�kt u�QoWywSB ��Oa� �xOQ �Ov�xOW p�YLDr�dQ�i xR�D xm OvDUy �v�Um
OvDUy �O�Qi� OWQ� u�QoWywSB w Ov�xDW�O �QDW�� �x� QHD xm OvDUy �v�Um
u�Q�yQ Ovv�wD�t u��Q��v� w Ov�xOQm �O�B �D�k�kLD #�Lr x� �� wN �xk��U xm
p�L QO �t ��tra ��yO�yv E�L R� �OvW�� QDv�wH u�kkLt ��Q� sy �� wN
�x�aW �s� Q�O T�U��D CUO QO xwQo wO w �wYt �WywSB xwQo xU Q
�L
xOmWywSB �xawtHtQ� R �qai xm CU� �wYt syt ��yO�yv R� �m� u�yiY�
Q�vCLD pkDUt ��xOmWywSB x� p�O�D VOwN xm xOw� u�� hOy �rwCU�
R� C��tL ��QDmO�UB u�QoWywSB R� C��tL �xYqN Qw	 x� �OwW� s��B��
��yx�oQ�m ��yTv�Qivm ��wv� �Q�RoQ� w hrDNt ��yxOQ QO �D�k�kLD C�r�ai
w CU� xOmWywSB ��yC�r�ai sy� ��rrtr�u�� w �rt ��WywSB ��yxQwO w
�oR�D u�Q�� QO xm OwW pwP�t ���yxDWQ x� O��� X�N xHwD �OQwt u�� QO

�OQ�Ov OwHw �yx�oWv�O QO �yv� ��Q� sRq ��yxv�tR w OvQ�O
����WRQ� �xQ�� QO p�YiD x� OwN �v�QvNU swOCtUk QO u��OytQwB QDmO
x� xHwD �� �Cio uNU QwWm QO p�ai �
�� Q hrDNt ��yV��Qo �i�m
Q��N� �x� QWv QO xv�o �OH ��xr�kt xQ�� u�� QO CU� Q�Qk �EL� u�� C�ty�
��Q��N� �xQ�tW u�ty QO ���� u�Q�� QO �
�� Q VywSB� �xr�kt� OwW A�J
u� uw�at�Q�NDi� u�t�� QDmO �C��
�� Q �xOmWywSBT�
Q u�vNU R�TB
��v�N�RQ�t s� Qt sv�N �
�� Q ��yVywSB �xQ�� QO ���v�QvNU �xOmWywSB
�r�k �xQ�tW QO �Dq�kt �xv�tR u�� QO� OQm O�Q�� � �� p�U ROr�i p�Ot �xOvQ�
��O�UQ u���B x� �� Ca�U T��Q sU�Qt u�� ���CU� xO�UQ A�J x� Q��N�

QD�wvDt �r�N s�yO�t s�Hv� s��B�� QO �t xm �Q�m s�� wo� s�v�wD�t �OvQ�O
��D�k�kLD ��yxSwQB ��QH� �u�QwWv�O R� �r�tC��tL p��k R� ���yQ�m �CU�
O���t Q�v x� p�L Qy x� xm �DQwY QO �xQ�e w xQ�e w Tv�Qivm �Q�RoQ�
QO �t �s�yO� s�Hv� �QDXNWt �qt�m h�Oy� �� �Q u�t�D�k�kLD ��yQ�m O���
�O�Qi� �s� Q�O Q�mty �wv wO �s��B�� QO �rm Qw	 x� w �C��
�� Q �xOmWywSB
xm �O�Qi� w OvDUy �t �tra C
�y ��	a� ��DOta xm OvDUy Ckws�tD xm
l� �� w hrDNt ��yOv��Qi j� Q	 R� �Ckws�tD ��	a� �OvDUy CkwxQ�B
s��B�� CU��U uwJ OvwW�t s��B�� OQ�w CNU �r�N �D��kQ sDU�U
�D�k�kLD u�WNQO j��wU �� w OwOLt Q��U� Q��U� ��traC
�y xmCU� u��
�t �QDmO�UB �tra C
�y ��t Ckws�tD ��	a� R� �WN� �Ovm s�ONDU�
�� wN �QDmO �xr�UQ w Ov�xOW p�YLDr�dQ�i xm �O�Qi� x� �t �k�w QO �OvDUy
QO xm �DqmWt R� dQ�i ��Q OwN C�k�kLD s�yO�t xR�H� Ov�xDWwv sy
xm CU� �wN �r�N xD�r� �OvyO s�Hv� x�oWywSB QO �CUy �yx�oWv�O
xHwD O��� p�L Qy x� �OwW� pwtat R�v �yx�oWv�O QO �QDmO�UB ��yxQwO
x� �Q u�WOwN C�k�kLD xm OvQ�O R��v sy �QDmO �xQwO R� Oa� O�Qi� xm CW�O
�DUQO x�ov u� QO xm sU�vW�t ut xm ���H �yvD �OvyO� xt�O� QDpkDUt Qw	
O�Qi� x� �Q u�mt� u�� �t xm �vat u�� x� �CU� s��B�� �CUy �QDmO�UB x�
�OvR�OQB� j�kLD x� �T� QOD ��H x� Ov���� p�U Q�yJ �r� xU xm s�yO�t
C
�y w	a p�L Qy x� xm �v�Um �OvDUy �tCkwxQ�B u�QoWywSB �swO �xDUO
�yx�oWv�O QO �Q u�W�rY� �xi��w xm OvOvtxkqa w OvDUy �yx�oWv�O �tra
��y�r�k �Ovvm�t �Q�mty s��B�� �� CkwxQ�B Qw	 x� �rw OvyO� s�Hv�

�� ���� R���B


